We examine the Friedel sum rule from an index theoretical point of view. We prove that the excess charge due to the impurity potential is quantized to an integer which is equal to the index of the pair of the Fermi sea projections with and without the impurity potential. As a result, the sum of the phase shifts for the scattering by the impurity must be equal to the integer in the Friedel rule.
Introduction
In condensed matter physics, integrality of a bulk quantity implies the robustness against perturbations. One of the most famous examples is the quantum Hall effect whose quantization of the Hall conductance can be explained by 1 the index theorem [1, 2, 4, 5] for the topological invariant [10, 14] . Usually, a bulk quantity takes a continuous value, although a microscopic quantity often shows discreteness as a consequence of quantum mechanics. Since finding integrality of a bulk quantity directly leads to the universality of the phenomena in the sense of the stability for perturbations, topological and index theoretical methods have increased its importance recently. However, such examples are still rare.
In this paper, we examine the Friedel sum rule [7, 8, 9] from an index theoretical point of view. Consider a pure metal with a single impurity at zero temperature in three dimensions. Then the electrons are scattered by the impurity potential, and the charge distribution of the electrons changes owing to the impurity potential. The excess charge is defined to be the difference between the total charge of the electrons with and without the impurity for a fixed Fermi level. The Friedel sum rule states that the excess charge can be expressed in terms of the sum of the phase shifts due to the impurity potential. (See Theorem 2.2 in the next section for details.) We prove that the excess charge is quantized to an integer. More precisely, the integer is equal to the index [1, 2, 3, 4, 5] of the pair of the Fermi sea projections with and without the impurity potential. In the next section, we describe the model and our results. Sections 3 and 4 and Appendix A are all devoted to proving the theorems.
Model and the results
Consider a single electron in an impurity potential V on R 3 . The Hamiltonian H is given by
We assume that V is bounded and of compact support. Let P be the projection on energies smaller than the Fermi energy E F . We denote by H 0 = −∆ the Hamiltonian without the impurity potential, and denote by Q the corresponding projection on energies smaller than the same Fermi energy E F . We denote by x = (x 1 , x 2 , x 3 ) ∈ R 3 the coordinate of the electron. Let χ R be the characteristic function of the ball defined by B R = {x ∈ R 3 | |x| ≤ R} centered at x = 0 with the radius R > 0, where
. We define the excess charge by
Our result is: The proof will be given in Section 3. Remark: 1. One may interpret the excess charge Z of (2.2) as the index of the pair of the projections in refs. [2, 3] . But the present situation is slightly different from theirs. In fact, our proof of the integrality of the excess charge Z is totally different from theirs. 2. When we vary the Fermi energy E F continuously, we can expect that the excess charge Z abruptly jumps from an integer to another integer for at most countable points of the Fermi energies. The same is also expected to be true for varying the strength of the impurity potential.
Combining this theorem and Friedel's result below, one can get much more useful information about an unknown impurity potential in alloys [8, 9] . 
where k F is the Fermi wavenumber, i.e.,
The proof will be given in Section 4. Remark: 1. Since the Friedel formula (2.3) states that the difference between the two bulk quantities is related to the boundary quantities, the formula can be geometrically interpreted as an analogue of the Gauss or Stokes theorem . 2. In one dimension, one can easily obtain a similar formula to the Friedel sum rule (2.3) for the phase shifts. But the sum of the phase shifts becomes a continuous function of the strength of the impurity potential, and the corresponding excess charge is equal to a noninteger for general values of the parameters. One of the simplest impurity potentials showing this property is the delta function. Further we expect that a similar phenomena occurs in two dimensions. The difference between three and lower dimensions is in the long-distance singularity of the Green function at the Fermi level. See the proof and the remark of Lemma 3.5 for details. 3. In dimensions greater than 3, we cannot prove that the excess charge is quantized to an integer. In this case, the singularity of the Green function at short distance is essential. See the proof and the remark of Lemma 3.5 for details.
Proof of Theorem 2.1
We begin with preparing some mathematical tools. The projections below the Fermi level are, respectively, written
by using the contour integral and the resolvent. From this expression, one has
The difference of the two resolvents in the integrand is computed as
These observations yield
It is not difficult to evaluate this right-hand side except for the contributions of the contour integral near the Fermi level. In the following, we treat only the contributions near the Fermi level. The integral kernel of the resolvent (z
Proof of the existence of the limit
Using the representation (3.5) of the Green function, we have
Since the contribution for x in finite range in the integral gives a finite value, it is sufficient to evaluate the following integral:
where χ R ′ is the characteristic function of the ball B R ′ satisfying B R ′ /2 ⊃ supp V , and we have taken account of the contour integral near the Fermi level with the cutoff constants a, ε > 0. We will take the limit ε ↓ 0. Note that
for a large |x − x ′ |. Substituting this into (3.7), we have
Since k F = 0, this integral converges to a finite constant as R ↑ ∞ for ε = 0. Further we can interchange the order of the double limit R ↑ ∞ and ε ↓ 0:
Proof: By taking the radial variable r = |x − x ′ | centered at x ′ , the integral about the radius r in the first term in the right-hand side of (3.9) can be written
(3.11)
in the limit R ↑ ∞ for ε > 0, where R 0 is a cutoff constant given by R 0 = n 0 πk
F with a positive integer n 0 . It is sufficient to show that
Since both of the real and imaginary parts of the integral can be treated in the same way, we consider only the imaginary part. It is written
where r n = nπk we obtain the desired result in the limit ε ↓ 0.
The integrand of the second term in the right-hand side of (3.4) is written
where
is bounded uniformly [6] in µ ≥ 0 for almost all the Fermi energies E F and for compact subsets A and B of R 3 . From these observations, it is sufficient to evaluate the following integral:
In the same way, we have
For ε = 0, this is also finite in the limit R ↑ ∞. Thus the limit, lim R↑∞ Tr χ R (P − Q)χ R , exists for almost all the Fermi energies E F . We can also prove the interchangeability of the double limit:
for almost all the Fermi energies E F .
Although one can prove this proposition along the same line as in the proof of Proposition 3.1, the proof is much more complicated. We give the proof in Appendix A. Propositions 3.1 and 3.2 will be useful for proving the integrality of the excess charge in the next Section 3.2.
Proof of the integrality
The idea of the proof is the use of a finite-volume approximation. Before giving the proof, we stress that, in finite volume, the excess charge Z is always equal to an integer from the definition, but one cannot define the phase shifts in finite volume. Therefore proving the integrality of the excess charge Z is a nontrivial problem. In fact, the excess charge Z in one dimension is not quantized to an integer in infinite volume as mentioned in Section 2.
Let Λ ⊂ B R be the cube centered at x = 0 with sidelength qL with an odd integer q. Let H 0,Λ be the restriction of the Hamiltonian H 0 without the impurity potential to the cube Λ with the periodic boundary condition. We introduce a periodic potential V p with the period L in the cube Λ as
We define the Hamiltonian H p,Λ as
on the cube Λ with the periodic boundary condition. In order to measure the excess charge due to a single potential V , we shall introduce a cutoff function χ δ Ω as follows: Let Ω(z) be the cube centered at z ∈ LZ 3 with sidelength
for the region Λ with the periodic boundary condition, and that
with a small δ > 0. We write Ω = Ω(0) for the cube centered at z = 0 for short, and we choose L so that dist(∂Ω, supp V ) > δ.
In order prove the second statement of the theorem, we need the following four lemmas.
Proof: Note that
We want to show that the contributions from the second and third terms in the right-hand side vanish in the double limit R ↑ ∞ and L ↑ ∞. Since the idea of the proof is the simple use of the Green functions, we treat only a contribution from the third term. We denote by G 0,Λ the Green function of (z − H 0,Λ ) −1 . The Green function can be expressed as
where we have writtenL = qL. Using this expression, we have
From the assumption of the cutoff function χ δ Ω and µ > 0, this right-hand side vanishes in the double limit R ↑ ∞ and L ↑ ∞.
Further one has 1
Using these identities, one can prove the statement of the lemma in the same way as in the preceding lemma.
Lemma 3.5
There exists a sequence of {L n } n such that
Proof: Let z = (k F + iµ) 2 with µ > 0. From the condition (3.21) for the cutoff function χ δ Ω and the translational invariance, we have
The sum about the wavenumber k is bounded uniformly in µ for a suitable choice of the lengthL = qL. Therefore the order of the limit L = L n ↑ ∞ and the contour integral can be interchanged.
Remark:
The sum about the wavenumber k in (3.32) is divergent in infinite volume except for three dimensions. In fact, the divergence comes from large k in dimensions greater than 3 and from k ∼ ±k F in dimensions less than 3 for µ = 0. Thus our proof holds only for three dimensions.
In the same way, we have Lemma 3.6 Let {L n } n be the same sequence as in Lemma 3.5. Then we have
Proof of the integrality of the excess charge: From (3.4), Propositions 3.1 and 3.2, and Lemmas 3.3-3.6, we have 
Instead of the cube Λ, this argument can be applied also to the cube Λ ′ with the sidelength L ′ = q ′ L with a different integer q ′ . Then we have
We can take q and q ′ mutually prime integers. This implies that p/q 3 must be equal to an integer.
Proof of Theorem 2.2
We give the proof, following Friedel [8] . We denote by J := −ix × ∇ the angular momentum, and define
The integral kernel of the projection P for the Hamiltonian H with the impurity potential V is written
in terms of the bound state v n and the scattering state u k,ℓ,m with the angular momentum ℓ and the magnetic quantum number m. Similarly,
in terms of the scattering state u
k,ℓ,m of the Hamiltonian H 0 . The scattering state u k,ℓ,m is written
in terms of the angular part Y m ℓ and the radial part f k,ℓ . The radial part follows from the equation, d
Multiplying this by another solution f k ′ ,ℓ with a different wavenumber k ′ , and then interchanging the variables k and k ′ in the resulting equation, and finally taking the difference between the two equations, one has
Integrating over r from 0 to R, one obtains
F /2, and writer ′ = |x − x ′′ |. In the same way as in the proof of Lemma 3.1, it is sufficient to evaluate the integral,
The contributions from the first and the second terms in the last line can be handled in the same way as in the proof of Lemma 3.1. For the third term, we note that f (r, r ′ ) − f (r,r ′ ) = r The first term can be treated in the same way as the above, and the rest is order of r −1 from the definition (A.12) of h(r). This concludes the proof of Proposition 3.2.
